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Abstract
We present a contribution of higher order to neutrino–electron
scattering that is a charged-current counterpart of both the anoma-
lous axial-vector triangle and possible non-standard interaction con-
tributions. It arises in the standard model with massive neutrinos,
and renormalizes the nondiagonal axial-vector form-factor at low en-
ergies. We show that, due to the small size of radiative corrections,
the neutrino–electron scattering still provides a discovery potential for
some of the non-standard neutrino interactions proposed in the litera-
ture.
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1 Introduction
We have reached the time where the advance in neutrino experiments en-
ables quite accurate global fits on the leptonic mixing angles. Simultane-
ously, the advent of the neutrino masses gives hope to infer on the specific
departures from the standard model (SM). In this sense we explore here a
further discovery potential of the neutrino–electron scattering.
1kkumer@phy.hr
2picek@phy.hr
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Ever since the earliest studies of the neutrino–electron scattering, this
particular process remained in a focus of interest. The underlying diagonal
ν–e interaction density is provided by the SM, which at energies much lower
than MW gives
Hdiag(x) = GF√
2
e¯γµ(gV − gAγ5)e ν¯γµ(1− γ5)ν . (1)
Here gV and gA are the SM couplings, where both charged and neutral
current contribute for ν = νe (gV = 1/2 + 2 sin
2 θW , gA = 1/2), whereas
there is only neutral current contribution for ν = νµ, ντ (gV = −1/2 +
2 sin2 θW , gA = −1/2).
On the experimental side, the results for atmospheric neutrinos [1], in
conjunction with the results from the Sudbury Neutrino Observatory (SNO)
[2], show that the disappearance of one neutrino flavour (such as reported
by the SuperKamiokande) is accompanied by the appearance of another.
Such conversion of the neutrino species appears naturally if neutrinos have
nonvanishing masses.
The neutrino masses imply at least a minimal extension of the SM, where
a mismatch in diagonalizing mass matrices of charged and neutral leptons
results in a 3 × 3 flavour mixing matrix. It enters the leptonic charged
current interactions, that generalizes the interaction (1) to the nondiagonal
νH ↔ νL transition
Hnon-diagrad (x) =
GF√
2
e¯γµ(fV − fAγ5)e ν¯Lγµ(1− γ5)νH . (2)
Here, νH and νL are just generic labels for neutrino mass eigenstates. The
form of Eq. (2) explicates the lepton conversion in the neutrino sector,
rather than in the charged lepton sector.
In a more ambitious approach, where one attempts to explain neutrino
masses, one faces the theories that include non-standard interactions (NSI)
of neutrinos with matter [3]. In particular, we focus here to the neutrino
conversion via left- (L = (1 − γ5)/2) and right-handed (R = (1 + γ5)/2)
neutral current NSI of the form
HNSIeff =
√
2GF
[
ǫeLαβ e¯γ
µLe+ ǫeRαβ e¯γ
µRe
][
ν¯αγµ(1− γ5)νβ
]
(3)
explored further by [4, 5]. Such neutral current interactions may be confused
with the higher loop effects of the charged currents, comprised in the fV,A
terms in (2).
In the next section we will present a novel contribution to the axial form-
factor fA in (2) arising from the charged current transition at the two-loop
level. In Sect. 3 we will demonstrate that, due to the fact that the SM
based loop contribution is small, there is ample space left for a discovery of
certain NSI contributions.
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Figure 1: Radiative corrections of order α2 displayed in the 1PI blob (a), contain
a nonrenormalizable triangle diagram in the axial-vector part of the neutral current
amplitude (b).
2 The Neutrino Conversion in the Presence of the
Axial Coupling to Electrons
Let us recall a heuristic role of an early study of radiative corrections to the
neutrino–electron scattering. The radiative correction at order α2 displayed
on Fig. 1 generates an infinite nonrenormalizable contribution to the gA
form-factor of the diagonal interaction (1). Adler [6] observed this infinite
radiative correction to νll scattering by embedding the triangle diagram
calculated by Rosenberg [7] into the next loop. In present day terminology,
the axial triangle anomaly resides in the neutral current piece of the ν–e
interaction displayed on Fig. 1(b).
Among possible remedies for infinities proposed by Adler [6], the idea
to add to the electron triangle on Fig. 1(b) the muon triangle with oppo-
site sign, survived in its essence to the present day. The quantum numbers
assigned to the SM fermion representations confirmed such cancellation for
each generation of fundamental fermions, and this anomaly cancelation re-
mained as a guiding principle for model building ever since.
In addition to this piece of the neutrino axial current for which nature
took care by itself, neutrino masses invoke another contribution at same
order of α2, that is finite. Up to our knowledge, this extra part to which we
turn in this paper, is novel in the literature.
Let us look how such counterpart to original Adler’s contribution sets
in for massive neutrinos. In this case, the neutrino flavour eigenstates are
mixtures of the mass eigenstates, described by the leptonic 3×3 unitary
matrix (nowadays dubbed the Pontecorvo-Maki-Nakagawa-Sakata UPMNS
matrix [8, 9], in analogy to the Cabibbo-Kobayashi-Maskawa matrix in the
3
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Figure 2: Tree-level Feynman diagram (a), describing the nondiagonal neutrino–
electron interaction, and the photonic-loop diagram (b) induced by the νHνLγγ
vertex (the shaded circle).
quark sector of the Standard model)
 νeνµ
ντ

 =

 Ue1 Ue2 Ue3Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3



 ν1ν2
ν3

 ≡ UPMNS

 ν1ν2
ν3

 . (4)
Note that the flavour violation induced by the PMNS mixing (similarly to
the one by the CKM mixing) does not affect the renormalizability of the
electroweak theory. Thus, a safe evaluation of the quantum-loop corrections
is possible. Recently, we employed this framework in calculating lepton-
flavour violating annihilation of muonium [10, 11]. Now we consider the
radiative corrections which will allow for the neutrino conversion via the
two-photon exchange similar to Fig. 1(a).
Since the PMNS mixing affects only the charged current, our starting
point is the tree diagram displayed on Fig. 2(a). Its two-photon radiative
corrections will result in Fig. 2(b) as the nondiagonal counterpart to Fig. 1.
The referent tree-level amplitude corresponding to the diagram on Fig. 2(a)
reads (after a Fierz transformation)
Atree = GF√
2
∑
α=µ,τ
λα u¯(p)γ
µ(1− γ5)u(P ) u¯(k−)γµ(1− γ5)v(k+) , (5)
where the summation over combinations λα ≡ U∗αHUαL appears on account
of the unitarity of UPMNS. Concerning the radiative corrections at one-
loop (1L) level, we refer to [12] (whose notation and kinematics we keep on
Fig 2a and in our formulae for easier comparison). Notably, the diagram
corresponding to the one-photon variant of Fig. 2b dominates in the set of
electroweak diagrams considered in [12]. The pertinent amplitude
A1Lrad =
GF√
2
e2
24π2
[ ∑
α=µ,τ
λα ln
m2α
m2e
]
u¯(p)γµ(1− γ5)u(P ) u¯(k−)γµv(k+) , (6)
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contains purely vector electron current. Thus, in the sum of (5) and (6)
Atree +A1Lrad =
GF√
2
u¯(p)γµ(1− γ5)u(P ) u¯(k−)γµ(fV − fAγ5)v(k+) , (7)
the mentioned one-loop radiative correction modifies only the vector form
factor, and gives
fV =
∑
α=µ,τ
λα(1 + f
1L
α ) . (8)
Thereby, the correction term in eq. (8) acquires a simple leading logarithmic
form,
f1Lα =
α
3π
ln
mα
me
. (9)
Now we turn to radiative corrections indicated on Fig. 2(b), which will
give a contribution to the axial-vector form factor fA in (7). This contribu-
tion corresponds to the two-loop electroweak diagrams considered by us [13]
in the context of the flavour-changing sd¯→ µ+µ− transitions.
After adding the photon-crossed counterpart to the diagram on Fig. 2(b),
the terms symmetric in indices µ − ν cancel, and we are left with the am-
plitude
A2Lrad = −2e2u¯(k−)γβγ5v(k+)
∫
d4q
(2π)4
1
q4
ǫβµσνqσu¯(p)Mµνu(P ) . (10)
Here Mµν denotes the νHνLγγ vertex, and the one-particle irreducible dia-
grams contributing to it in ’t Hooft-Feynman gauge are displayed on Fig. 3.
Diagrams similar to (A3) and (A3b) but with Higgs boson φ in place of
one or both of the vertical-line W bosons turn out to be µ − ν symmetric,
so they don’t contribute after contraction with Levi-Civita tensor in (10).
Diagrams employing four-boson WWγγ and φφγγ vertices vanish for the
same reason.
The respective insertions enumerated on Fig. 3 build up the two-loop
radiative amplitude
A2Lrad =
GF
4
√
2
9
4
α2
π2
∑
α=µ,τ
λαA(α,e)u¯(p)γ
µ(1 − γ5)u(P ) u¯(k−)γµγ5v(k+) , (11)
which modifies the axial-vector form factor fA. Note that potentially large
logarithms of the type lnM2W/m
2
l get suppressed by the GIM mechanism.
The net result
fA =
∑
α=µ,τ
λα(1 +
9α2
16π2
A(α,e)) , (12)
is expressed in terms of the GIM-like combinations A(µ,e) and A(τ,e), dis-
played in Table 1.
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Figure 3: Electroweak one-loop Feynman diagrams for νH → νLγγ in the ’t Hooft-
Feynman gauge contributing to nondiagonal ν–e scattering on Fig. 2(b). Diagram
(A2b) stands also for its counterpart diagram with φ and W exchanged. There are
some additional diagrams which do not contribute to the total νLνHee amplitude,
as discussed in text.
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Table 1: Contributions A1, . . . , A3b from Fig. 3 leading to the pertinent GIM-like
loop-diagram factors A(τ,e) and A(µ,e).
Diagram A(τ,e) A(µ,e)
A1 21.4 14.0
A1b −0.002 ∼ 0
A2 0.0007 ∼ 0
A2b 0.12 0.0007
A2c 0.009 ∼ 0
A3 0.4 0.0001
A3b 0.03 ∼ 0
Total 21.6 14.0
Since the dominant contribution comes from the (A1) diagram in Fig. 3,
one can rely on the simple leading-log analytical form of these functions
(A(α,e) ∝ f2Lα ) in correspondence to the analytical expressions deduced pre-
viously [14, 13]. In close analogy to the one-loop radiative correction in (8)
and (9), our two-loop radiative correction reads
fA =
∑
α=µ,τ
λα(1 + f
2L
α ) , (13)
f2Lα =
3
4
α2
π2
ln
m2α
m2e
. (14)
The dominant τ -loop (α = τ) corrections to the referent tree-loop amplitude,
given by expressions (9) and (14), are numerically
f1Lτ ≃ 6.3 × 10−3 , f2Lτ ≃ 6.6 × 10−5 . (15)
In order to estimate fV and fA, one has to include also the PMNS-matrix
prefactors, for which we now have the first strong experimental hints.
3 Conclusion
The existing neutrino experiments enable quite accurate global fits on the
PMNS matrix elements. Unanticipated outcome of these experiments are
large mixings. Let us, for definiteness, refer to the result of an earlier anal-
ysis by Fukugita and Tanimoto [15], based on the solar (SNO [2]) and at-
mospheric (SuperKamiokande [1]) neutrino data. Their solution shows a
“democratic” mixing, very different from the “hierarchical” one experienced
in the quark sector. The least known matrix element has been constrained
here by the CHOOZ reactor experiment (|Ue3| < 0.16).
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Let us stress that for sufficiently heavy neutrino (νH), such as the one
allowed by the existing direct experimental mass limit of ∼18 MeV for ντ ,
the diagrams in Fig. 2 could give rise to the νH(P ) → νL(p)e+(k+)e−(k−)
decay. This decay was originally considered in [16], used for constraining the
|Ue3| PMNS matrix element in [17], and reconsidered later in [12]. However,
the recent measurements squeeze neutrinos to sub-eV mass eigenstates that
exclude this decay, and leave us with the scattering variant studied here.
In the meantime, an additional possibility to constrain |Ue3| came with
the results of KamLAND experiment [18]. For example, it allows in Ref.
[19] to deduce the bounds 0.04 < |Ue3| < 0.19. This prediction came on
account of assuming Fritzsch-type lepton mass matrices adopted earlier by
the same authors [20]. The range of parameters allowed by the KamLAND,
as given by [19]
UPMNS =

 0.76 − 0.86 0.50 − 0.63 0.04 − 0.190.27 − 0.48 0.63 − 0.72 0.60 − 0.71
0.34 − 0.49 0.42 − 0.58 0.71 − 0.80

 , (16)
turns out to be quite narrow and is a subject of future tests in neutrino
experiments. These values enable us to give a definite prediction for fV,A,
which can be compared with the corresponding NSI contributions in (3).
The present bounds for the relevant NSI parameters are quite modest
[5]
|ǫeLτe | < 0.4 , |ǫeRτe | < 0.7 . (17)
They compare to fL,R = (fV ± fA)/2 combinations of form factors (8) and
(13)
|fL| < 0.16 , |fR| < 1.3 × 10−3 , (18)
where the loop results in (15) are further modulated by the matrix ele-
ments from (16). Thereby, the leading contribution given by f1Lτ in (15)
is numerically further suppressed. Consequently, the “standard” radiative
corrections encoded in (2) can be confused with the left-handed ǫL-couplings
in (3), whereas the radiative corrections are small enough to allow for the
discovery of the right-handed non-standard neutrino interactions.
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